By choosing a particular, String Theory inspired, Special Kähler manifold, we are able to find a = 2 four-dimensional ungauged Supergravity model that contains supersymmetric black hole solutions that violate the folk uniqueness theorems that are expected to hold in ungauged Supergravity. The black hole solutions are regular in the sense that they have a positive mass and a unique physical singularity hidden by an event horizon. In contradistinction to most examples already known in the literature, we find our solutions in a theory without scalar potential, gaugings or higher order curvature terms.
solutions sharing the same mass, charges and asymptotic values of the scalar fields, providing, to the best of our knowledge, the first counterexample to the corresponding uniqueness conjecture in the context of an ungauged Supergravity theory, and one of the first (some previous examples can be found in [32] ) for a system without scalar potential, non-Abelian vector fields or higher-order curvature corrections.
In [38] we obtained for the first time black hole solutions to a Type-IIA String Theory compactification on a Calabi-Yau manifold in the presence of non-perturbative corrections to the Special Kähler geometry of the vector multiplet sector 5 . These black holes were given in terms of harmonic functions on euclidean R 3 , as it must be for supersymmetric black hole solutions of ungauged four dimensional Supergravity [41, 42] , but they also contained a special function called the Lambert function 6 . As we argued in [38] , the fact that the Lambert function is multivalued opened up the possibility of using its different branches to build inequivalent black hole solutions with the same conserved charges at infinity. However, such possibility was forbidden by the large volume compactification limit we assumed to hold through all the calculations: that limit only allowed us to consider solutions such that the argument of the Lambert function lied into a set of values for which the function was uniquely valued.
Inspired by this result, we are going to construct a particular Supergravity model that can be analitically solved, and such that its supersymmetric black hole solutions share some of the characteristics of those in [38] , but without any approximation involved. In particular, we will be able to construct solutions whose metric and scalars will depend on the Lambert function. In this case both branches will be available, and we will show how to construct a family of pairs of inequivalent solutions, providing a violation of the conjecture.
In order to illustrate the result, we will show an explicit example for a model with two scalar fields. We will find that both solutions are regular, in the sense that the only physical singularity of the space-time will be hidden by an event horizon of non-zero positive area (for each solution in the pair). However, we will also see that the Special Kähler metric will not be positive definite (just like happens in other counterexamples to the conjecture [36] ) when evaluated on our solutions or, equivalently, that the energy-momentum tensor of at least one of the scalars will not satisfy in general the NEC. In this respect, and although the No-Hair conjecture does not make in principle reference to stability issues, it is fair to say that the spirit of the conjecture seems to remain partially alive.
The structure of the paper is the following. In section 1 we explain the structure of the bosonic sector of = 2 = 4 Supergravity. In section 2 we briefly review the H-FGK formalism, essential for the construction of the black hole solutions. In section 3 we motivate the Supergravity model that we consider and we illustrate how we found it. In section 4 we explicitly construct the supersymmetric solution without making any approximation. In sec 5 we explain how the family of pairs of solutions that we have constructed in section 4 can be used to violate the No-Hair theorem, and finally, in section 6, we present an explicit pair of supersymmetric solutions, with the same mass, charges, and asymptotic value for the scalars at infinity.
= 2 = 4 Supergravity
= 2 = 4 Supergravity stands for any four-dimensional field theory invariant under the action of two independent local Supersymmetry generators [40] . Due to the Z 2 symmetry φ B φ B
(bosonic fields), φ F −φ F (fermionic fields) present in any Supergravity action, setting the fermions to zero is always a consistent truncation of the theory, which we will assume henceforth. We will restrict also to theories containing terms only up to two derivatives. The bosonic sector of any = 2 = 4 Supergravity can be written in that case as follows [39, 40] 
where R denotes the scalar curvature of the Levi-Civita connection associated to the space-time met- The hyperscalars are only coupled to themselves (and of curse to gravity) and, as a consequence, they can always be consistently fixed to constant values = 0 . This simply means that the equations of motion for the hyperscalars always admit the constant solution = 0 . Of course, one may try to turn them on, but it has been argued that no regular 7 black hole solutions with non-trivial hyperscalars can exist, since they would develop scalar hair.
Supersymmetry constrains the couplings and kinetic terms of all the fields of the theory in a 7 That is, with the black hole singularity hidden by an event horizon.
very particular way, which is beautifully codified in the language of Special Geometry 8 for the vector multiplet sector. Indeed, the bosonic action in the absence of hyperscalars is determined as soon as we choose a holomorphic section Ω ∈ Γ( ) or, equivalently when it exists, a homogeneous function ( ) of degree 2, called prepotential, from which ¯ and ΛΣ can be obtained as
where Λ are homogeneous coordinates on the scalar manifold, related to the by 
H-FGK formalism
The most general static and spherically symmetric solution to (1.1) takes the form [7, 43, 44] 
where τ is the radial coordinate and 0 is the non-extremality parameter (which parametrizes how non-extremal the black hole is) when (2.1) does in fact correspond to a black hole spacetime. In such a case, the exterior of the event horizon is covered by τ ∈ (−∞ 0), with the event horizon corresponding to τ −∞ and spacial infinity at τ 0 − . The inner part of the Cauchy horizon is covered by τ ∈ (τ ∞), with the inner horizon at τ ∞ and the singularity at τ = τ for a certain positive and finite τ [45] .
We assume a static and spherically symmetric spacetime, as well as exclusively radial dependence for all the fields of the theory. In this case, the Maxwell equations can be integrated explicitly, and the vector fields can be written as functions of τ and the symplectic vector M of electric Λ and
T be a symplectic vector whose components are the time components (which are the only non-vanishing ones) of the electric A Λ and magnetic A Λ vector fields. Then, it can be shown that
where MN is a symplectic and symmetric matrix constructed from the couplings of the scalars and the vector fields as
The (bosonic sector of the) four-dimensional = 2 Supergravity action coupled to vector multiplets can be shown to be equivalent, assuming the space-time background given by (2.1), to the onedimensional effective FGK action [43] for the (2 + 1) real fields (τ) and U(τ)
together with the Hamiltonian constraint, which encondes the explicit independence of the effective lagrangian with respect to τ
In the previous expressions, V bh is the so-called black hole potential, which is defined by [43] 
As we have said, the non-dependence of the effective FGK lagrangian on τ makes the corresponding
Hamiltonian constant. In fact, the dimensional reduction over (2.1) imposes such constant to be precisely the square of the non-extremality parameter 2 0 .
The H-FGK formalism [44] [45] [46] [47] [48] consists of a change of variables from U to a new set of (2 + 2) variables H M (τ) which transform under a symplectic, linear, representation of the Uduality group of the theory, and become harmonic functions in R 3 in the supersymmetric case. The equations of motion in the new variables
together with the Hamiltonian constraint
where the (non invertible) metric MN (H) and the potential V (H) of the H-FGK effective action are given in terms of the so-called Hesse potential W(H) by
The relation between the Hesse potential, the H M variables and the covariantly-holomorphic symplectic section M is given by
where T and the non-extremality parameter 0 , from which it is possible to reconstruct the solution in terms of the original fields of the theory (that is, the space-time metric, the scalars and the 1-form connections).
A stringy motivation for the model
The purpose of this letter is to study the supersymmetric black hole solutions of a particular = 2 four dimensional ungauged Supergravity coupled to vector multiplets, which we will find to violate the folk uniqueness theorems that are supposed to hold in unaguged four-dimensional Supergravity.
Of course, such model did not appear out of the blue, but it has his seed and motivation in our previous paper [38] . In [38] a new class of supersymmetric black hole solutions of type-IIA String Theory compactified to four dimensions on a Calabi-Yau manifold in the presence of non-perturbative stringy corrections was obtained. The supersymmetric solution was given by
and
where W ( ) ( = 0 −1) was any of the two real branches of Lambert's W function, and = ±1 10 .
In order to solve the involved stabilization equations and obtain (3.2), (3.3) and (3.4) we were forced to consider the large volume limit m ∞ of the compactification, where certain simplifications could be made. As a consequence, the approximation m ∞ had to be also imposed on the solution. As explained in [38] , only one of the two real branches of the W function (the one with = 0) was consistent with such condition, which also implied the argument of W 0 ( (τ)) to be positive. We argued how, had not this condition been present, we could have tried to build In order to accomplish the construction of our solutions, we are going to somewhat forget about String Theory and propose a prepotential which we can solve exactly, and such that the corresponding supersymmetric solutions enjoy the same desirable properties as the String-Theoryforbidden ones of [38] . In particular, we will use the same truncation in the H-variables, to wit
In addition, we want the Lambert function to appear when solving the corresponding 0-electric component of the stabilization equations. We have found that the following prepotential fulfils the required conditions
where E ( ) is the exponential integral function 11 , and = ( ) , and 12 are now arbitrary constants not constrained by any String Theory requirement, since we are considering a purely Supergravity model.
In the next section we are going to obtain the supersymmetric black hole solutions corresponding to the four dimensional = 2 Supergravity theory defined by (3.6), assuming the truncation (3.5).
The supersymmetric solution
In the H-FGK formalism, it is trivial to see that any = 2, = 4 Supergravity model admits a solution for the H M variables given by
which turns out to correspond to a supersymmetric black hole [41, [49] [50] [51] . Using the truncation (3.5)
we have
For the prepotential under consideration (3.6), and the truncation (3.5), it is easy to see [38] H becomes an explicit function of the H once we substitute (4.4) into (4.6). In any case the result is different from the corresponding one in the String Theory solution, which is to be expected since the model, although sharing some general characteristics, is different. The metric warp factor is hence given by
whereas the scalars read
This completes the general construction of the supersymmetric solution. Of course, now we have to require, in order to have a regular solution, several conditions which will now be studied.
Regularity conditions
In order to have a regular solution the following requirements have to be satisfied:
1. The warp factor must be non zero, namely 
Since the supersymmetric solution that we have constructed has purely imaginary scalars, we can use¯ = − to simplify this expression
To summarize, if we obtain a solution such that the metric factor, the Kähler potential, and the mass are definite positive, we will have a regular black hole solution with a physical singularity hidden by an event horizon, and no other space-time singularities.
The violation of the No-Hair conjecture
The resolution of the stabilization equations given in section (4) gives us the opportunity to build the supersymmetric solution either using W 0 (solution which we will denote by S 0 ) or W −1 (solution which we will denote by S −1 ). Therefore, in order to prepare the set up for the violation of the uniqueness conjecture, we need to construct a solution such that the argument of W ( H ) 3 H H H , which we denote by (τ), lies entirely in the interval (−1/ 0), only touching the value −1/ when τ = 0, that is, at spatial infinity. Notice that if we want the argument (τ) to be negative we have to chose 0 = −1 = −1, which we will assume henceforth. This way, we will be able to construct two different black hole solutions that solve the same equations of motion, and have the same mass, charges and moduli at infinity, but however are different, since the profiles of W 0 and W −1 are different (and asymmetric) when evaluated in (−1/ 0). Hence, we need to impose
Of course, as explained in the previous section, in order to have a regular solution we need to impose M > 0 and −2U − > 0 for τ ∈ (−∞ 0). Assuming that (4.10), (and the discussion under it) and (5.1) hold, the value of the scalars at infinity as well as the mass, for both solutions S 0 and S −1 will be given by
In order to show that it is indeed possible (and actually easy) to choose the parameters available in the model in a way such that we can obey all the conditions (regularity plus (5.1) and (5.2)), in the next section we will explicitly construct a pair of solutions satisfying the required properties for a particular model with two scalar fields.
Another issue, related to the stability of the solution, is the positive definiteness of the scalar metric ¯ evaluated on the solution. Such a condition, which is related to the fulfilment of the NEC associated to the energy-momentum tensor of all the scalar fields in our solution, turns out to be difficult to satisfy. In particular, for the simple models in which we have worked out the explicit construction of pairs of solutions with the same masses, charges and asymptotic values of the moduli (like the one in section 6), the scalar metric turns out to have both positive and negative eigenvalues (for both solutions in each pair), meaning that some of the scalars in our solutions fail This is an open question which could be addressed from different approaches [52] . On the one hand, one could always try to map (brute force-wise) the parameter space for models with different numbers of scalars, looking for a solution satisfying all the requirements but with a positive definite scalar metric. It would also be possible to consider other prepotentials giving rise to stabilization equations whose solutions involve multivalued functions, and study the situation therein. On the other hand, it might just be that our procedure of placing the spatial infinity at the branch point of the Lambert function necessarily implies some unstable behaviour for the corresponding solutions, not incompatible with their regularity. This could be related to the structure of the attractor flows associated to each pair of solutions. Let us see how this works.
Attractors
Although both solutions S 0 and S −1 have exactly the same asymptotic limit τ → 0, since the flow is different, one should expect that the corresponding attractors 0 and −1 are different. This is indeed the case; they are given by
This can be understood in the context of the basins of attractions [53] . Let us suppose that we impose 
An explicit example
Let us consider a model with two scalar fields 1 and 2 . The warp factor of the spacetime metric and the scalars can be read off directly from (4 7) and (4 8) with
Imposing the regularity conditions, the correct asymptotic behaviour of the metric ( We only need the Exponential Integral function evaluated in the real numbers since in our solutions it appears only with a real argument, although in the definition of the prepotential (3.6) it appears with an argument that can be in general complex. 
